L-weakly and M-weakly compact operators  by Chen, Z.L. & Wickstead, A.W.
Indag. Mathem., N.S., 10 (3), 321-336 
L-weakly and M-weakly compact operators 
September 27.1999 
by Z.L. Chen and A.W. Wickstead 
Department of Applied Mathematics, Southwest Jiaotong Universify, Chengdu Sichuan 610031, 
People> Republrc of China 
Department of Pure Mathematics. The Queen’s University of Belfast, Belfast, BT7 INN, 
Norrhern Ireland 
Communicated by Prof. M.S. Keane at the meeting of September 21,1998 
I INTRODUCTION 
Because of the difficulties of studying weakly compact operators in a general 
Banach lattice setting, a number of related notions have been studied in the 
literature. Two of these are the dual notions of L-weak compactness and 
M-weak compactness. In this paper we will investigate some properties of these 
classes of operators. 
Recall that a non-empty bounded subset A of a Banach lattice E is termed 
L-weakly compact if for every disjoint sequence (xn) in the solid hull of A we 
have Ilx,,ll -+ 0 and that an operator T from a Banach space X into E is 
L-weakly compact if T ball(X) is L-weakly compact in E, where ball(X) denotes 
the closed unit ball in X. An operator T : E + X is M-weakly compact if for 
every disjoint sequence (xn) in ball(E) we have IITx,,II -t 0. 
We start by investigating the modulus of such operators, showing that this 
modulus need not exist and that even if it does then the modulus will not in 
general share the same property. We do however obtain conditions on either the 
domain or range space which force (and in some cases are equivalent to) the 
modulus always sharing the original operator’s property. 
Both L-weakly compact and M-weakly compact operators must be weakly 
compact. In 93 we investigate the converse results. A number of results are ob- 
tained, several of which involve the so-called positive Schurproperty. 
In the final section we characterise those pairs of Banach lattices E and F 
such that every regular M-weakly compact operator from E into F is L-weakly 
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compact (and vice-versa) showing that a condition given by Dodds and Fremlin 
on the pair E and F, which forces equivalence of L-weak and M-weak com- 
pactness for regular operators from E into I;: is almost the best possible result. 
We refer to [2] and [l I] for any unexplained terms from Banach lattice theory. 
The authors would like to thank the referee for bringing to their attention 
much of the existing literature on the positive Schur property. 
2 THE MODULUS OF L-WEAKLY COMPACT AND M-WEAKLY COMPACT 
OPERATORS 
It has long been known that compact and weakly compact operators need not 
have a modulus and that even if such a modulus does exists then it need not be 
compact or weakly compact respectively. That this holds even if the operator is 
dominated by a positive operator of the same form is also known, see [3], [4] 
and [S]. In this section we will see that the M-weakly and L-weakly compact 
operators do not behave much better than compact or weakly compact opera- 
tors as far as order properties are concerned, in that they need not be regular, if 
they are they need not have a modulus, even if we make strong assumptions 
about the existence of positive operators dominating them, and that even if a 
modulus does exist then it need not to be M-weakly or L-weakly compact (or 
even weakly compact). We investigate conditions which force the existence of a 
modulus sharing the property of the original operator. 
The following facts are basic and will be used in the rest of this paper very 
often (see [I 11, p. 212). 
(A) Every L-weakly compact subset A of a Banach lattice F is contained in 
F”, the largest ideal in Fon which the norm is order continuous. 
(B) Every relatively compact subset of Fa is L-weakly compact. In partic- 
ular, if F has an order continuous norm then every relatively compact subset of 
F is L-weakly compact so that every compact operator from a Banach space X 
into F is L-weakly compact. 
Theorem 2.1. Let E = L2[0, l] and F = CO(L’[O, l]), then there exists a compact 
operator T : E + F which is M- and L-weakly compact but is not regular. 
Proof. On 2”-dimensional Euclidean space C, 2n there is an operator S,, such that 
II&]/ = 2”/* and []I&][] = 2” ( see f or instance [2, p. 2701). The operator J,, : PI” + 
Lz[O, I] defined by 
J&l,. . ,X2”) = 5 X/&[Lg&] 
k=l 
is a lattice isomorphism and it is easily verified that (IJ, o S,,ll = 1 whilst 
IIIJ, o $(I[ = 11 J,, o I&Ill = 2”/*. If H,, = .I,($“) then there is a natural projec- 
tion Qn : L2[0, i] + H,, defined by 
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which is positive and contractive. See [4] for details, 
Let A, = 2P”J,,S,,J;’ Qn and define T : E + F by Tf = (Anf);L then it was 
shown in the proof of [4, Theorem 41 that T is compact, so that T is M-weakly 
compact as E is reflexive. It also follows from the proof of the same theorem 
that T (as defined here) is not regular. So only the fact that T is L-weakly com- 
pact needs to be shown, but as F has an order continuous norm and T is com- 
pact this follows from fact (B). •i 
Theorem 2.2. Let E = L’[O. l] and F = c(L’[O, l]), then there is a regular com- 
pact operator T : E + F which is both M-weakly and L-weakly compact but 
whose modulus does not exist. 
Proof. Define T : E + F by Tf = (&A,,)?, where A, are as in the proof of 
Theorem 2.1 and Xzn _ 1 = 1, X2, = 0 for all n E N. Then Tclearly has the desired 
properties (see [4] for details). 0 
Theorem 2.3. Let E = (1 (L’[O, 11) and F = P,,,( L* [O, 11). then there are operators, 
T, U : E + F with *T 5 U such that 
(1) T is both M-tceakly and L-weakly compact. 
(2) Tand U are compact. 
(3) The modulus (TI of T is not weakly compact. so certainly neither M-weakly 
nor L-weakly compact. 
Proof. Define T, U : E + F by 
for all ( fn) E E, where A, are as in the proof of Theorem 2.1. 
Clearly U is compact as it is bounded and of rank 1 and it is also clear that 
fT 5 U. A proof similar to that of Theorem 2.7 of [8] shows that Tis compact 
and that the modulus ) TI of T is not weakly compact, i.e. (2) is true. 
Every relatively compact subset of F” is L-weakly compact and as it is easy 
to see that T ball(E) c co(L2[0, 11) c F”, T is L-weakly compact. On the other 
hand, as T is actually an operator from E into G = co(L*[O, l]), it is not difficult 
to check that the dual T’ of T : E -+ G is given by 
T’(gJ = @( $, gk)):_, 
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for (gn) E G’ = i?l(L’[O, l]), and it is clear that T’G’ c co(L’[O, 11) c (E’)” as 
]]An]] 5 2-“/’ 4 0 as n t CO, where E’ = C,(L2[0, 11). Also T’ is compact by 
Gantmacher’s theorem and fact (B) tells us that T’ is L-weakly compact, thus 
by Theorem 3.6.11 of [ll] Tas an operator from E into G, and hence into F, is 
M-weakly compact. This complete the proof. 0 
It is certainly not possible to give such a counterexample with U also being both 
L-weakly and M-weakly compact as both the classes of regular L-weakly com- 
pact and of regular M-weakly compact operators form ideals in the space of 
regular operator (see [ll, Proposition 3.6.161). 
We do not have a characterisation of pairs of Banach lattices such that the 
modulus of every operator of one of these types is also of the same type. We do 
have some results when we allow either the domain or range space to vary. For 
L-weakly compact operators we have a complete answer as to what happens if 
we fix the domain and allow the range space to vary. 
Theorem 2.4. For a Banach lattice E thefollowing assertions are equivalent 
(1) E is lattice isomorphic to an AL-space. 
(2) For each Banach lattice F every L-bveakly compact operator T : E + F 
has a L-weakly compact modulus. 
(3) Every L-weakly compact operator T : E + el has a L-weakly compact 
modulus. 
Proof. (1) * (2). As we have seen in the proof of Theorem 2.3 of [8], the 
modulus (TI of Texists and ITI ball(E) IS a subset of the solid convex hull of T 
ball(E) which is L-weakly compact by Corollary 3.6.4 (ii) of [ll], so that ITI is 
L-weakly compact. 
Clearly (2) + (3) whilst (3) + (1) follows from Theorem 1 of [6] as every 
compact operator from E into Ei is L-weakly compact, and hence has a mod- 
ulus. This completes the proof. Cl 
Similarly, for M-weakly compact operators the picture is complete if we fix the 
range space and allow a varying domain. 
Theorem 2.5. For a Banach luttice F the following assertions are equivalent 
(1) F is Dedekind complete with a strong order unit. 
(2) For each Banach lattice E, every M-H,eakly compact operator T : E + F 
has a M-weakly compact modulus. 
(3) For each unital AM-space E, every M-upeakly compact operator T : E --t F 
has a M-weakly compact modulus. 
Proof. (1) + (2). Suppose that (1) holds then there is a bounded positive pro- 
jection P : F” + F and by Proposition 1.5.12 of [l l] for each Banach lattice E 
and each bounded operator T : E ---$ F we have 
I T( = PJ T’j’i 
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where i : E + E” is the natural embedding. If T is M-weakly compact then T’ 
is L-weakly compact by Proposition 3.6.11 of [I I], and so is / T’I by Theorem 2.4 
as F’ is lattice isomorphic to an AL-space. Thus Proposition 3.6.11 of [ll] im- 
plies that 1 T’I’ is M-weakly compact. Noting that i is a lattice homomorphism it 
follows that 1 TI = P[ T’I’ i is M-weakly compact, establishing that (1) + (2). 
Clearly (2) + (3) and the proof of (3) =+ (1) is carried out in the following 
three steps. 
Step I: F has a sequentially Levi norm. By Theorem 2.4 of [5] it suffices to show 
that every disjoint sequence, for which the set of ail possible finite sums is norm 
bounded, must have a supremum. Given such a sequence {yE : n E N}, define 
T : C[O, I] --+ F by 
Tf= F 
1 
(s > fmdt y,, n-1 0 
where r, is the n’th Rademacher function on [0, 11. It is easy to verify that T is 
well-defined, moreover T is weakly compact (as T admits a facterization 
through L2[0, 1] as follows: T = Si, where i : C[O, l] + L2[0, I] is the natural 
embedding and S : L2[0, 11 + F is defined by Sf = C,” l (Ji fr,dt)y, for 
,f E L’[O, l]), and hence T is M-weakly compact, so by (3) the modulus 1 TI of T 
exists. It is routine to check that ITll 2 )pn for all n E N as C[O, 11 is dense in 
L”[O, 13, where 1 is the constant function on [0, I] with value 1. Also if y E F with 
y 2 yn for all n E fV, then we can define an operator U : C[O, l] + F by 
Uf=(lifdt)ywith&TI U,sothatU>ITI.Inparticular,lTll< Ul=y,It 
follows from the definition of supremum that JTIl = sup{y, : n E N}. 
Step II: F has a Levi nmn. By Theorem 2.3 of [5] it suffices to show that every 
set of pairwise disjoint elements in E+, for which the set of all possible finite 
sums is norm bounded, has a supremum. Given such a set {y, : u: E f’}, let 
K = KEI- K,. where K,, is (0, 1) with the discrete topology. Then Kis a com- 
pact Hausdorff space by Tychonoffs theorem. Let p = nIrrEr pn, where j~(> is
the probability measure on (0, 1) with ,u,( (0)) = pQ({ 1)) = i. The p-inte- 
grable functions on K depend on only countably many variables. Let & de- 
notes the function in C(K) c Lm(p) which depends only on the a’th variable 
and takes the value 1 if this variable is 0, and takes the value -1 if this variable 
is 1. IfJ’ E L](,u) d oes not depend on the a’th variable then JK f 4ndp = 0 and 
hence 
for all a, p E I- with cy # 0. We also certainly have 
(i) For eachf E L’ (p), SK f &dp = 0 for all but countably many (u E l? 
(ii) (#,) = 1~ for all (Y E r. 
Therefore, {& : a E r} is an orthonormal set in L”(p). In view of step I we 




is well-defined, moreover T is weakly compact, and hence is M-weakly 
compact, as T admits the following factorization through a reflexive Banach 
lattice L?(p): T = Si where i : C(K) + L?(p) is the natural embedding and 
S : L2(p) + F is given by 
By (3) the modulus (T( of Texists and it is routine to verify that 
JTJ~K = sup{_r,, : o E T} 
as desired. 
Step III: F has a strong unit. Since every compact operator T : C[O, l] + F is 
M-weakly compact and hence has a modulus, then by Theorem 1 of [6] F is 
lattice isomorphic to an AM-space so that the collection of all finite suprema 
from the unit ball of F is upward directed and norm bounded, so has a supre- 
mum. That supremum is certainly a strong order unit of F. 0 
Our results are less satisfactory in the two remaining cases. 
Theorem 2.6. Every M-weaklJ$ compact operator from an AL-space into a 
Banach lattice has an M-weakly compact modulus. 
Proof. Let E be an AL-space, Fa Banach lattice and T : E + F an M-weakly 
compact operator. Let El be the band generated by all atoms of E and let 
E2 = Et then El is atomic and 
E=E,@E2. 
Write T = TI + T2, where T, : E, & F are M-weakly compact. By Proposition 
3.6.11 of [ll] T,’ : F’ + Ei is L-weakly compact, so it follows that 
Ti ball(F’) c (El)“. 
Since E2 is an AL-space which does not contain any atoms, by Theorem 2.7.1 of 
[ 1 l] we may assume that E2 = L’ (,u) where p does not have any atoms. It is easy 
to see that (Ei)n = (Lx(p))O = (0) so that Ti = 0 and hence T2 = 0. 
Thus we may assume that E is atomic, i.e. E = [l(r) for some index set F. 
Since each sequence in E depends only on countably many variables, without 
loss of generality we may further assume that F is countable, i.e. E = PI. 
Clearly JITe,II + 0 as n + 00 where {e, : n E N} is the natural basis of E. Now 
for each disjoint sequence (x,) where _Y* = (A,,),“=, E ball(E) and each E > 0, 
there exists K > 0 such that 11 TeklJ < E for all k > K. Also the disjointness of _u, 
implies that there exists N > 0 such that &,x_ = 0 for all n > N and 1 < k 5 K. 
So if n > N (noting that IT/(&) = C,“=, X~_lTek( for all (Xk) E ei) we have 
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which implies that ITIx,~ + 0 as n 4 co, i.e. ITI is M-weakly compact. This 
completes the proof. Cl 
Since it is easy to verify that each operator T from !t into a Banach space Y with 
)ITe,fll + 0 as n -+ 03 is compact, where (en)? is the natural basis of C,, then 
from the proof of Theorem 2.6 we have 
Corollary 2.7. Every M-weakly compact operator from an AL-space into a 
Banach space is compact. 
Corollary 2.8. Every L-weakly compact operator from a Banach space into an 
AM-space is compact. 
Proof. Let X be a Banach space, Fan AM-space and T : X -+ F an L-weakly 
compact operator. By Proposition 3.6.11 of [ll] T’ : F’ -+ X’ is-M-weakly 
compact so that T’ is compact by Corollary 2.8 as F’ is an AL-space. Now 
Gantmacher’s theorem tells us that T is compact. 0 
Theorem 2.9. Every L-weakly compact operator from a Banach lattice into an 
AM-space has an L-weakly compact modulus. 
Proof. Let E be a Banach lattice, Fan AM-space and T : E + F an L-weakly 
compact operator. By Corollary 2.8 T is compact. Also T ball(E) c Fa so it 
follows that T can be considered as a compact operator from E into F ‘. Noting 
that the closed ideal F” of F is an AM-space with an order continuous norm, 
Krcngel’s theorem [lo] shows that the modulus 1 TI of T, as an operator from E 
into F”, and hence into F, exists and is compact, and satisfies ITI ball(E) c Fa. 
As every relatively compact subset of F” is L-weakly compact whilst I TI ball(E) 
is relatively compact, we conclude that I TI ball(E) is L-weakly compact, i.e. 1 TI 
is L-weakly compact. 0 
The following result shows that neither the assumption that E is an AL-space in 
Theorem 2.6, nor that Fis an AM-space in Theorem 2.9 is necessary, so that we 
can’t hope for converses of these results similar to Theorems 2.4 and 2.5. 
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Proposition 2.10. Let E = ez(L’ [0, 11) then 
(1) For each Banach space Y tf T : E + Y is M-weakly compact then T = 0. 
(2) For each Banach space X, tf T : X + E’ is L-weakly compact then T = 0. 
(3) E is not lattice isomorphic to any AM- and AL-space. 
Proof. By Proposition 3.6.11 of [l l] (1) follows from (2) whilst (3) is clear. It is 
easy to see that (E’)” = (0) so that (2) holds. 0 
3 WHEN IS EACH WEAKLY COMPACT OPERATOR M-WEAKLY OR L-WEAKLY 
COMPACT? 
Both M-weakly and L-weakly compact operators must be weakly compact, but 
the converse is certainly not true. In this section we investigate circumstances 
under which one or the other of the possible converses holds. Several of our 
results involve a property which we will start by investigating. 
Let us recall that a Banach lattice E is said to have the Schurproperty if given 
a sequence (x~);” c E satisfying x, + 0 weakly as n -+ 00, then l]xnjl 4 0 as 
n -+ co. Also a Banach lattice E is said to have the positive Schur property if 
every weak null sequence in E+ is norm convergent. Every AL-space, of course, 
has the positive Schur property. If E, is a finite dimensional Banach lattice for 
each n E N then the Cl-direct sum of all the E,, certainly has the Schur property, 
and hence the positive Schur property, without being even isomorphic to an 
AL-space. There are characterisations of Banach lattices with the Schur prop- 
erty in [13] however a complete structural description does not seem to be 
known. For the much wider class of Banach lattices with the positive Schur 
property even less seems to be known. We start this section by presenting sev- 
eral equivalences of the positive Schur property that are relevant for our in- 
vestigations. Recall that a subset A of a Banach lattice E is approximately order 
bounded (sometimes almost order bounded if for all E > 0 there is x E E+ with 
A C [-x7x] + E ball(E). Note that the converse of equivalence (3) in the fol- 
lowing result is always true, i.e. L-weakly compact sets are always weakly 
compact. 
A proof of the following characterisation of Banach lattices with the positive 
Schur property may be found in [16, Theorem 71. [14, Proposition 1.21, contains 
a very closely related result. 
Theorem 3.1. For a Banach lattice E thefollowing assertions are equivalent 
(1) E has the positive Schur property. 
(2) Every disjoint weakly null sequence in E+ is ]] . ]/-convergent o zero. 
(3) Every relatively weakly compact subset of E is L-weakly compact. 
(4) Each non-empty bounded subset A of E is relatively weakly compact ifand 
only tfA is approximately order-bounded. 
The following result does not quite seem to have been noted before. The fact 
that (1) implies (2) is proved in [15] and may also be found in [16, Theorem 21. 
328 
Corollary 3.2. For a Banach lattice E the following assertions are equivalent 
(1) E has the Schur property. 
(2) E is atomic and has the positive Schur property. 
Proof. It is not difficult to see that the positive Schur property implies order 
continuity of the norm. Thus, if (2) holds, then by Theorem 2.5.23 of [ll] the 
lattice operations in E are weakly sequentially continuous, so if x, + 0 weakly 
then IX,] -+ 0 weakly also. By the positive Schur property (Ix,]] = (( Ix,] (1 -+ 0 so 
that E has the Schur property. 0 
We start our investigation of when weakly compact operators have to be either 
L-weakly or M-weakly compact by looking at conditions on the range or do- 
main which always suffice to ensure something positive. One such result is al- 
ready known from [16, Theorem 81. 
Theorem 3.3. For a Banach lattice E the following assertions are equivalent 
(1) E’ has the positive Schur property. 
(2) For each Banach space Y, every weakly compact operator T : E 4 Y is 
M-weakly compact. 
(3) Every positive weakly compact operator T : E + CO is M-weakly compact. 
Dually we have also: 
Theorem 3.4. For a Banach lattice F the following assertions are equivalent 
(1) F has the positive Schur property. 
(2) For each Banach space X, every weakly compact operator T : X --f F is 
L-bveakly compact. 
(3) Every positive weakly compact operator T : t, ----t F is L-weakly compact. 
Proof. The fact that (1) + (2) follows at once from Theorem 3.1 and (2) + (3) 
a,fortiori. If (3) holds, let (yn) be a disjoint weakly null sequence in F+. Define 
T:t’, +Fby 
which is certainly positive and is weakly compact by Corollary 10.16 of [2]. By 
(3) T is L-weakly compact. The sequence (y,,) is in the image of the unit ball in 
1’1, being the image of the standard basis vectors in Pi, so converges to zero in 
norm as required. q 
Theorem 3.3 clearly follows from Theorem 3.4 by a routine duality argument. 
What can we say if we consider only a fixed pair of spaces? We are able to give 
a simple necessary condition. 
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Theorem 3.5. Let E and F be Banach lattices. If every positive weakly compact 
operator T : E -+ F is either M-weak1.y compact or L-weakly compact, then one of 
following three conditions holds. 
(1) F has the positive Schur property. 
(2) E’ has thepositive Schurproperty. 
(3) Both E’ and Fare KB-spaces. 
Proof. It suffices to establish that if E’ is not a KB-space then F has the Schur 
property and that if F is not a KB-space then E’ has the positive Schur prop- 
erty. 
Indeed, suppose that E’ is not a KB-space, i.e. E’ does not have an order 
continuous norm. By Theorem 2.4.14 of [l l] we may assume that !!i is a closed 
sublattice of E, and it follows from Proposition 2.3.11 of [ll] that there is a 
positive projection P from E onto Pi. Applying Theorem 3.1 it suffices to show 
that each disjoint weak null sequence in F+ is norm convergent to zero. Let 
(_rn);L c F+ be such a sequence. Again, define T : 4, + F by 
then by Corollary 10.16 of [2] Tis a positive weakly compact operator, and so is 
TP : E --t F. From the assumption we have that TP is either M-weakly com- 
pact or L-weakly compact. As y,, = TPe, for all n E IV, where e, is the sequence 
with the n’th entry equals to 1 and all others are zero, we conclude that 
((yn]) + 0 as n --f co. In fact, if TP is M-weakly compact, then the disjointness 
of (e,): (in ai, and hence in E) implies that [ly,,ll -+ 0 as n + CO. Also if TP is 
L-weakly compact, since (y,): are disjoint, it follows that J]y,I] + 0 as n + cc. 
Now we suppose that F is not a KB-space, so by Theorem 2.4.12 of [l l] we 
may assume that co is a closed sublattice of F: Once again by Theorem 3.1 it 
suffices to show that each disjoint weak null sequence (x,!J;” c E-I_ is norm 
convergent to 0. In fact, define T : E -+ co c F by TX = (xi(x));” then by 
Theorem 17.5 of [2] T is a positive weakly compact operator so that T is either 
M-weakly compact or L-weakly compact, and so is T’ : L!, + E’ with 
T’(&) = CT=, L Y$ which certainly implies that I~_YA]~ -+ 0 as n + 00. 0 
Remarks. We might have hoped that if every bounded operator T : E + F is 
both M-weakly and L-weakly compact then either E’ or F had the positive 
Schur property. This is not the case. For example, by Theorem 7.6 of [9] every 
bounded linear operator T : l?3 + e2 is compact, so it is easy to see that Tand 
T’ are M-weakly compact. so that Tis L-weakly compact by Proposition 3.6.11 
of [ll]. Clearly neither Pz nor the dual of E3 has the positive Schur property. Nor 
is there a converse for Theorem 3.5. The identity operator on & is weakly com- 
pact but not either L-weakly or M-weakly compact even though e2 and its dual 
are KB-spaces. 
If we restrict our attention to the regular operators then we have results that 
are the same time stronger as they ensure both L-weak and M-weak compact- 
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ness. but weaker because they require some condition on the other space in- 
volved. Note that these results do not require a specific assumption of weak 
compactness of an operator, although in these cases all regular operators will 
be weakly compact. 
Theorem 3.6. For a Banach lattice F the jollowing assertions are equivalent 
(1) F has the positive Schur property. 
(2) For each Banach lattice E with an order continuous dual norm, every T E 
Cr( E, F) is M- and L-weakly compact. 
(3) For each rejeiexive Banach lattice E, every lattice homomorphism 
T : E ---f F is either M-weakly compact or L-weakly compact. 
Proof. (1) + (2). Suppose that Fhas the positive Schur property (and hence an 
order continuous norm) and that the Banach lattice E is such that E’ has an 
order continuous norm then, by Theorem 3.6.17 of [ll], it suffices to show that 
each positive operator T : E + F is M-weakly compact. Let (xn);C c ball(E) be 
disjoint, then by Theorem 2.4.14 of [ll] J-K,] + 0 weakly as n + o;), as the norm 
of E’ is order continuous, so that Tlxn\ --f 0 weakly as n + 00. Since F has the 
positive Schur property it follows that IITI.xnlll -+ 0 and hence I( Tx-,II + 0 as 
n * w. I.e. Tis M-weakly compact. 
Clearly (2) + (3). To see (3) + (1). according to Theorem 3.4 it suffices to 
show that every weakly compact operator T : t1 + F is L-weakly compact. Let 
us first note that F is a KB-space. In fact, if F is not a KB-space, by Theorem 
2.4.12 of [ll] we may assume that CO is a closed sublattice of F so that by (3) 
the inclusion mapping i : f?z + CO c F must be either M-weakly compact or 
L-weakly compact. This is impossible, so F is a KB-space. 
Now suppose that T : 41 + F is a weakly compact operator, then by Theo- 
rem 2.2 of [l] T can be factored through a reflexive Banach lattice E with 
T = QP where P : El ---f E is a bounded operator and Q : E 4 F is an interval 
preserving lattice homomorphism. Thus (3) implies that Q is either M-weakly 
compact or L-weakly compact. If Q is M-weakly compact whilst both E,’ and F 
has an order continuous norm as E is reflexive and F is a KB-space, then by 
Theorem 3.6.17 of [l l] Q is L-weakly compact, so that we always have that Q is 
L-weakly compact, and so is T. This completes the proof. 0 
Next result is a dual version of last result. 
Theorem 3.7. For a Banach lattice E the following assertions are equivalent 
( 1) E’ has the positive Schur property. 
(2) For each KB-space F, every T E .C’(E, F) is both M- and L-weakly com- 
pact. 
(3) For each rejexive Banach lattice F every almost interval preserving 
operator T : E + F is either L-weakly compact or M-weakly compact. 
Proof. (1) =+ (2). Similar to the proof of last theorem we only need to show 
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that each positive operator T : E + F is M-weakly compact. Indeed. according 
to Theorem 1.7 of [12] T is weakly compact, hence so is T’ : F’ + E’ by Gant- 
macher’s theorem (Theorem 17.2 of [2]). It follows from Theorem 3.1 that T’ is 
L-weakly compact so that T is M-weakly compact by Theorem 3.6.17 of [ll]. 
Clearly (2) + (3). To see that (3) + (1) we use Theorem 3.3 to show that 
every positive weakly compact operator T : E + co is M-weakly compact. 
We first note that E’ has an order continuous norm. Otherwise, by Theorem 
2.4.2 of [ll] there is a disjoint sequence XL E [0,x’] c E’ such that /~.xJ] > 1 for 
all n E N. Consider the operator T : E --t PI c l2 by TX = (x~(x))~. Clearly 
T’ : !2 + E’ is given by 
T’(A,) = 5 X,l.v; 
n=l 
for (X,) E e2. It is easy to verify from the disjointness of (xi);” that T’ is a lattice 
homomorphism, by Theorem 1.4.19 of [ 1 l] Tis almost interval preserving. Thus 
(3) and Theorem 3.6.11 of [ll] tell us T’ is either M-weakly compact or 
L-weakly compact. If T’ is M-weakly compact then XL = T’e, + 0 as IZ + co, 
as (e,);” is a disjoint sequence in 42, where e, is the sequence in [Z with n’th entry 
equals to 1 and all others zero. Also if T’ is L-weakly compact, the disjointness 
of (XL);” implies that ]~.KL[] + 0 as n -+ co. I.e. we always have that ~~xJ + 0 as 
n + co, which contradicts 11.~:]1 > 1 for all n E N. Therefore E’ has an order 
continuous norm. 
Applying Theorem 2.5 of [l] T can be factored through a reflexive Banach 
lattice G such that T = SQ where S : G + CO is bounded linear and Q : E + G 
is a lattice homomorphism. Let F be the closure of QE in G. Since Q is a lattice 
homomorphism, QE is a sublattice of G and so is Fby Proposition 1.2.3 of [l I]. 
Le. F is a reflexive Banach lattice. Obviously T factors through F such that 
T = S1 Q where Q : E + F is a lattice homomorphism and Sr is the restriction 
of S to the subspace F of G. Now we claim that Q : E --f F is almost interval 
preserving. In fact, for each 0 < .Y E E and each y E [0, Qx] c F, there exists a 
sequence x, E E such that Qx,, + y as n 4 M. As Q is a lattice homomorphism 
it follows that 
Q&l Ax) = IQ4 A Q-y + 1~1 A Qx = J 
as n 4 03 and 1~~1 A x E [0, x]. So we have shown that QIO, x] is dense in [0, Qx] 
for all x E E+, i.e. Q is almost interval preserving. Thus from (3) and Theorem 
3.6.17 of [ll] we always have that Q is M-weakly compact, so is T. This com- 
pletes the proof. 0 
Let us take this opportunity to point out that from the proof of the last theorem 
we have a sharpened version of Aliprantis and Burkinshaw’s factorization 
theorem (Theorems 2.5 and 3.1 of [l]) as follow: If E is a Banach lattice such 
that E’ has an order continuous norm, then every (compact) weakly compact 
operator T from E into a Banach space Y can be factored through a reflexive 
Banach lattice F such that T = SQ where Q : E + F is an almost interval pre- 
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serving lattice homomorphism and S : F -+ Y is (compact) bounded linear. 
Moreover, the factor S is positive if Y is a Banach lattice and T is positive. 
In a similar way we may prove the following two results which show that the 
conditions on domains or images in the last two theorems are necessary. 
Theorem 3.8. For a Banach lattice F the following assertions are equivalent 
(1) F is a KB-space. 
(2) For each Banach lattice E such that E’ has the positive Schur property, 
every T E C’(E, F) is M- and L-weakly compact. 
(3) Every lattice homomorphism T : CO -+ F is either M-weakly compact or 
L-weakly compact. 
Theorem 3.9. For a Banach lattice E the following assertions are equivalent 
(1) E’ has an order continuous norm. 
(2) For each Banach lattice F with the positive Schur property, every T E 
C r (E, F) is M- and L-weakly compact. 
(3) Every almost interval preserving operator T : E ---f el is either M-weakly 
compact or L-weakly compact. 
As applications of the above results we conclude this section with a general- 
ization of Theorem 3.7.21 of [ 111. 
Theorem 3.10. Assume that the Banach lattice E has an order continuous dual 
norm and that the Banach lattice F has the positive Schur property. The collection 
of all compact regular operatorsfrom E into Fis a band in L’(E, F). 
Proof. Theorem 3.6 and Proposition 3.7.4 of [ll] yield that T E Lr(E, F) is 
compact if and only if T is AM-compact. It follows from Proposition 3.7.2 of 
[I I] that the collection of all regular AM-compact operators from E into F 
forms a band in ,Cr(E, F). I.e. the collection of all regular compact operators 
from E into Fis a band in L’(E, F). 0 
Dually we have 
Theorem 3.11. Assume that E is a Banach lattice such that E’ has the positive 
Schur property and that F is a KB-space. The collection of all regular compact 
operatorsfrom E into Fis a band in C’(E, F). 
4 WHEN ARE REGULAR M-WEAKLY COMPACT OPERATORS L-WEAKLY 
COMPACT AND VICE-VERSA? 
It is known that M-weakly compact operators need not be L-weakly compact 
and that L-weakly compact operators need not be M-weakly compact. Dodds 
and Fremlin proved that if the norms on E’ and Fare order continuous then 
regular operators are L-weakly compact if and only if they are M-weakly com- 
pact. In this section we will characterize pairs of Banach lattices for which all 
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regular M-weakly (L-weakly) compact operators between them are L-weakly 
(M-weakly) compact, This will show that the converse of Dodds-Fremlin’s 
theorem is true, provided we add one extra rather trivial possibility. 
Theorem 4.1. For a pair of Bunuch lattices E and F the following assertions are 
eguivalen t 
(1) 0 ne o ff Ii o owing two cortditions holds. 
(a) F has an order continuous norm. 
(b) (E’)U = (0). 
(2) Every vegufar M-weak/y compact operator T from E into F is L-weakly 
compact. 
Proof. (1) (a) * (2) is p recisely Corollary 3.6.14 of [ll]. If (l)(b) holds and 
T : E - F is a M-weakly compact, then T’ is L-weakly compact by Proposi- 
tion 3.6.11 of [ll]. Since every L-weakly compact subset of E’ is contained in 
(E’)” = (0) it follows that T’ = 0 and hence T = 0 which is certainly L-weakly 
compact. So (1) 3 (2) holds. 
(2) + (1). Suppose that there exists 0 < s’ E (E’)” then for each y E F+ we 
define T : E + F by TX = s’(s)y, it is easy to see that T’ : F’ - E’ by 
T’y = y’(y)_ - ‘c’ is L-weakly compact as T’ ball(F’) c IjyII[-x',x'] which is 
L-weakly compact by Proposition 3.6.2 of [ll]. So by Proposition 3.6.11 of [I l] T 
is M-weakly compact. Thus (2) tells us that T is L-weakly compact and it 
follows that [O,y] is weakly compact (as 2-l II_x’II[O,_Y] c T ball(E) which is 
L-weakly compact). By Theorem 2.4.2 of [ 1 l] we have that F has an order con- 
tinuous norm, establishing (2) + (1). 0 
Dually we have 
Theorem 4.2. For a pair of Banach lattices E and F the fbllowing assertions are 
equivalent 
(1) One offollowing t~‘o conditions holds. 
(a) E’ has an order continuous norm. 
(b) F” = (0). 
(2) Every regular L-weakly compact operator T : E -+ F is M-weakly com- 
pact. 
Proof. (I) (a) + (2) follows from Propositions 3.6.11 and 3.6.14 of [ll]. If we 
assume (l)(b) then by Proposition 3.6.2 of [ll] it follows that each L-weakly 
compact operator from E into F must be zero, so that (2) holds. 
(2) + (1). Suppose that there exists 0 < y E F’ then for each x’ E E-l_ we de- 
fine T : E + F by TX = x’(x)y and a similar proof to that of Theorem 4.1 above 
shows that T is L-weakly compact. By (2) T is M-weakly compact so that 
T’ : F’ + E’ defined by T’y’ = y’(y) x’ is L-weakly compact by Proposition 
3.6.11 of [ll]. Now from this it is easy to check that [0,x’] is weakly compact for 
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each x’ E E: which, by Theorem 2.4.2 of [ll], implies that E’ has an order 
continuous norm, establishing (2) + (1). Cl 
The next result shows that, subject to allowing one other possibility, the con- 
verse of Dodds-Fremlin’s theorem [9] (also see [ll], Theorem 3.6.17) is true. 
Corollary 4.3. For a pair of Banach lattices E and F the following assertions are 
equivalent 
(1) One offollowing two conditions holds. 
(a) Both E’ and Fhave an order continuous norm. 
(b) (E’)” = (0) and Fa = (0). 
(2) For each T E Cr (E, F) then T is M-weakly compact if and only if T is 
L-weak1.v compact. 
The following example shows even if both E’ and F have an order continuous 
norm then non-regular L-weakly compact operators need not be M-weakly 
compact and vice-versa. 
Example 4.4. (1) Let E = C[O, l] and F = CO then both E’ and Fhave an order 




for f E E, where r, is the n’th Rademacher function on [0, 11, then it is easy to 
verify that T is weakly compact, and hence is M-weakly compact. But T is 
clearly not L-weakly compact. 
(2) Let E = Pz and F = L’ [0, l] then both E’ and F have an order continuous 
norm. By Corollary 2.7.7 of [I l] F contains a closed subspace H which is iso- 
morphic to e2. Now the isomorphism T : E --f H c F is weakly compact, and 
hence L-weakly compact as F is an AL-space, but is not M-weakly compact. 
REFERENCES 
I. Ahprantis. C.D. and 0. Burkinshaw - Factormg compact and weakly compact operators 
through reflexive Banach lattices. Trans. Amer. Math. Sot. 283,369-381 (1984). 
2. Aliprantis. C.D. and 0. Burkmshaw ~ Positive operators. Academic Press, New York and 
London (1985). 
3. Abramovich, Y.A and A.W. Wickstead - A compact regular operator without modulus. Proc. 
Amer. Math. Sot. 116,721l726 (1992). 
4. Abramovich. Y.A. and A.W. Wickstead ~ Solutions of several problems in the theory of com- 
pact positive operators. Proc. Amer. Math. Sot. 123,3021-3026 (1995). 
5. Abramovich, Y.A. and A.W. Wtckstead - When each continuous operator is regular. Indag 
Math. 8.281-294 (1997). 
6. Cartwright, D.I. and H.P. Lotz - Some characterizations of AM- and Al-spaces. Math. Z 142. 
97- 103 (1975). 
7. C’hen, Z.L. and A.W. Wickstead - Relative weak compactness of solid hulls in Banach lattices. 
Indag. Math. 9,187-196 (1998). 
8. Chen, Z.L. and A.W. Wickstead -Vector lattices of weakly compact operators between Banach 
lattices. Trans. Amer Math. Sot. (To appear). 
335 
9. Dodds, P.G. and D.H. Fremlin - Compact operators in Banach lattices, Israel J. Maths. 34, 
2877320 (1979). 
10 Krengel, U. ~ Remark on the modulus of compact operators. Bull. Amer. Math. Sot. 72. 
132-133 (1966). 
11. Meyer-Nieberg, P. Banach lattices. Springer Verlag, Berhn, Heidelberg, New York (1991). 
12. Niculescu. C.P. - Weak compactness m Banach lattices. J. Oper. Theory 6.217-231 (1981). 
13. Popa, I - Espaces de Banach reticulis ayant la propriete de Schur. C.R. Acad. Sci. Paris 285, 
6299631 (1977). 
14. Rabiger. F. - Dunford-Pettts operators on certam classes of Banach lattices. Semesterbericht 
Funktional analysis. Tubingen 15. 197-204 (198881989). 
15. Wnuk. W. ~ Some characterisations of Banach lattices with the Schur property. Revista Mat. 2. 
217-224 (1989) 
16. Wnuk, W. - Banach spaces with properties of the Schur type - a survey. Confer. Sem. Mat. 
Univ. Bari. 29. l-25 (1993). 
(Received October 1997. revtsed July 1998) 
336 
